The transverse momentum spectra of identified charged hadrons stemming from high energy collisions at different beam energies are described by a new non-extensive distribution, the Kaniadakis κ-distribution, with respect to the constraints in non-extensive quantum statistics. All fittings are also compared with the Tsallis distributions as well as the usual Boltzmann-Gibbs one. χ 2 /ndf is also used to test the fitting goodness of all functions. Our results show that these different nonextensive approaches can be well applied in high energy collisions rather than the classical one. The Kaniadakis statistics is typically better applied into such systems with both positive and negative particles considered. This provides an alternative non-extensive view to study high energy physics. Analysis on the fitting parameters are present as well. The similar relationships of all functions remind us of the further understanding of the non-extensivity.
I. INTRODUCTION
Nowadays more and more attentions have been paid on the analysis of the transverse momentum (p T ) spectra in proton-proton and heavy-ion collisions in the non-extensive approach [1] [2] [3] [4] [5] [6] [7] . As a basic quantity measured in experiments, p T spectrum can reveal useful information on the dynamics of the colliding systems. However, it has been realized that data on many single-particle distributions show a power-law than exponential behavior, which one does not expect from the usual statistical models based on Boltzmann -Gibbs (BG) statistics [8] [9] [10] [11] [12] [13] . In addition, people find it inadequate to apply tools from BG statistical physics in high energy collisions when it is far from the thermodynamical limit of equilibrium, such as the number of particles is much smaller than the Avogadro number (N N A ) and fluctuation effects strongly influence the final-state particle energy distributions [14] . More specifically, due to the high multiplicities produced in high energy collisions, even in the elementary protonproton (pp) collisions, one could use the statistical models to study the mechanism correspondingly [15] [16] [17] . The usual BG statistics, on the other hand, could not describe the identified particle spectra at the experimental groups at high p T region. There have been numerous descriptions of single inclusive hadron spectra via models encoding modified statistics, such as Tsallis distributions and variants thereof [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] 14] . It introduces the spectra described by
with the transverse mass m T = m 2 + p 2 T including the rest mass, m, of particle and the generalized Tsallis q−exponential distribution [18] ,
which is easily proved to recover the normal exponential form when q → 1. In this work we study the hadron spectra within the m T − m scaling. This form has shown nice fits to the spectra of identified hadrons and charged hadrons over a wide range [28] . Note that the term E = m T − m in Eq.
(1) instead of p T itself is considered to account for various charged hadrons [10] and the effects over a large p T range [19] . This q-exponential was firstly proposed by V. Pareto in 1896 [20] to study the distribution of wealth, and then promoted by C. Tsallis [18] in connection with the non-extensive entropy thermodynamically. From 2002 the so-called superstatistics was proposed by C. Beck and became well applied into many cases [21] , which gave out another generalized probability distribution function as exp(x) based on the Tsallis q-exponential distribution. Nevertheless, further constraints arise in the non-extensive quantum statistics when both positive and negative particles are considered, such as the generalized KMS relation from particle-hole CPT symmetry [22] . It means that a missing negative energy particle state is equivalent with the corresponding positive energy hole state, namely, the connection to the canonical thermodynamical weight factor should satisfy
The q−exponential function of Eq.(2), however, does not generally follow this relation,
Therefore, special attention should be paid when investigating on the applications of the p T spectra of Bosons and Fermions in high energy physics, especially fittings on the spectra of X+X (particles and their anti-particles) stemming from both elementary and heavy-ion collisions.
In order to deal with such a situation, G. Kaniadakis [23] considered this symmetry and gave out another nonextensive approach with the deformed κ-exponential function,
This κ−deformed non-extensive statistics has also been used in various kinds of fields [23] [24] [25] [26] . This paper is organized as follows: in the 2nd Section, we will briefly introduce the framework of Kaniadakis' κ statistics. Using this generalized κ-exponential distribution, we demonstrate the κ fittings to the p T spectra in both pp collisions and heavy-ion collisions at different energies in Section III. Section III also shows the results of Tsallis' distribution exp q (x) and Beck's exp(x) together with the BG case as comparisons. The fitting parameters are analyzed as well. Finally we close our paper with the summary and outlook in Section IV.
II. κ−STATISTICS
For the description of relativistic plasmas [23, 26, 27] , G. Kaniadakis firstly proposed the κ−deformed exponential function, cf. Eq. (5), and its inverse function is given as
Accordingly, the Kaniadakis entropy is given as
which has the standard properties of BG entropy: it is thermodynamically stable, Lesche stable, and obeys the Khinchin axioms of continuity, maximality, expandability and generalized additivity. [23] Here we will list some basic properties as follows:
Consider its power law asymptotic behaviour
which owns the similar property as Tsallis q-exponential function. This reminds us to apply it into physical systems where the Tsallis q−exponential has been used especially the power-law tail of p T spectra in high energy collisions [28] . We will then investigate this κ−deformed non-extensive distribution on the p T spectra of identified hadrons and charged particles in various kinds of collisions at different energies as well as the Tsallis and BG distributions.
III. RESULTS AND DISCUSSION
In order to investigate the hadron spectra in high energy physics, one has to disentangle hard QCD and soft collective effects and test whether the results agree with the thermal assumption. In this work we focus on fitting the transverse momentum spectra within the most well-applied m T − m scaling:
Our aim is to figure out whether this κ statistics well applies into high energy collisions, while investigating the differences with the other two (Tsallis and Beck) non-extensive approaches and the usual BG one. Specifically, we analyzed hadron spectra from proton-proton, proton-lead and lead-lead collisions at different energies within the following four different fittings expressions:
where the 1st is the previous Tsallis q−exponential function with n 1 = 1 q−1 , the 2nd is the superstatistical one (or the Beck distribution) with n 2 = 1 q−1 , the 3rd is the Kappa distribution with n 3 = 1 κ and the 4th the classical BG form. We considered all of these parameters free, the normalization parameter, A i , the fitting temperature, T i , and the non-extensive parameter, n i , (i = 1, 2, 3, 4). For the fit procedure, the minimal chi-square method [29] was used to fit all the present experimental data [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] within the mathematica program. Both the statistical and systematic uncertainties were considered for data sets. Note that the Beck non-extensive distribution could be connected with the Tsallis one by a change in the power index [28] :
This is why the power index of the Beck function is denoted as −n 2 − 1. Nevertheless, it is worthy to firstly analyze both of them for comparisons and better understanding theoretically and experimentally.
A. pp collisions In high energy physics, pp (proton-proton) collision is recognized as the elementary process and has also been performed and measured under different energies within Tsallis q−exponential distributions [41, 42] . In the present paper we will firstly pay attention on the fittings within different kinds of non-extensive approaches on the p T spectra for pp collisions at different energies.
In this section, we focus on the fittings of transverse momentum distributions not only for
in pp collisions at 900 GeV and 7 TeV, but also for K 0 S , Λ+Λ 2 at 900 GeV and
at 7 TeV. Data are taken from the ALICE Collaboration [30] [31] [32] [33] . Detailed fitting p T ranges are listed in Table I . Note that a large body of data points from both LHC and RHIC have been well analyzed within the Tsallis non-extensive approach [43] . In this work we have also fitted plenty of data from different experimental groups. This paper, on the other hand, lists the results and parameters from the ALICE Collaborations when considering both positive and negative particles at various kinds of beam energies.
All the fitting parameters by these four different functions are tabulated in Table II for fitting all kinds of data obtained in pp collisions at both 900 GeV and 7 TeV. The same values of normalization constants, A 1 and A 2 , indeed tell us that there is no big difference between the first two non-extensive functions. Their non-extensive parameters, on the other hand, do follow the above connection, n 1 = n 2 + 1, cf. Eq. (14) . Note that for the BG fitting results, we set its non-extensive parameters as n 4 = 10 10 since theoretically it should be infinity. All the results are shown without the corresponding error bars for simplicity. Fitting parameters of all four fitting functions on pT spectra in pp collisions (for the BG case the non-extensive parameter 1/n4 vanishes so that we set n4 = 10 10 ) We see that, as shown in Fig.1 and Fig.2 , the BG distribution (f BG ) indeed fails describing the p T spectra over a wide p T range given as Table I , especially in the high p T part. For the other three non-extensive approaches, f T s , f Be and f Ka , there seems no big difference on the fittings of various spectra. The Kaniadakis non-extensive statistics, similar to the Tsallis and Beck ones, is proved to be an alternative tool to investigate the hadron spectra in pp collisions, while the usual BG form not.
In order to further investigate their discrepancies, error analysis on the relevant fittings at 900 GeV and 7 TeV are shown in Fig.3 . All corresponding parameters are summarized in Table III . We could see that the values of χ 2 /ndf of the first two, Tsallis and Beck distributions, behave similar when applying into the hadron spectra fittings in pp collisions. This agrees with the discussions above, that Beck formula is one of the generalization of the Tsallis q-distribution. On the other hand, the χ 2 /ndf values of the Kaniadakis distribution, f 3 , show that this new nonextensive approach can also be a good tool in the analysis on hadron spectra in the elementary collisions. The first two q-non-extensive approaches, however, lead to the smallest values of χ 2 /ndf . This is due to the fact that, in pp collisions, there are relatively smaller multiplicities and lower particle-hole CPT symmetry effects. One realizes, furthermore, that for all the non-extensive fittings, their values of χ 2 /ndf are around the ideal value, χ 2 /ndf = 1, except for the formula f BG which gives the worst results of all.
Checking the fitting parameters, T and n, we observe that these formulas obtain quite different parameters although the Tsallis and Beck distributions share the same fit goodness, χ 2 /ndf . This evokes further investigations on the connections between these two similar approaches. We also examine the connections of the fitting temperature, T , and non-extensive parameter, n, by all three non-extensive functions for various hadron spectra fittings in the same pp collision.
As shown in Fig.4 , it indicates that for all fitting results of different hadron species in pp collisions at the same beam 
and Λ+Λ 2
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and
at 7 TeV). The fitting error χ 2 /ndf = 1 is also given as a baseline. More details are seen in Table III . energy from these three non-extensive formulas, the inverse slope parameter, T , shows a slightly linear dependence on the non-extensive parameter 1/n (1/n = q − 1 for f T s and f Be , 1/n = 1/κ for f Ka ):
Here T B denotes the limiting values for 1/n → 0, namely, the usual BG case and T n is the non-extensive slope parameter of the linear dependence. In Table IV we present the exact fitting results for T and 1/n in pp collisions at 900 GeV and 7 TeV. Values of the limiting temperature, T B , are shown to be larger for the Kaniadakis distribution than the others. The temperature obtained by the BG function, f BG , increases independently of the non-extensive parameter n since 1/n = 0 for the BG case. In this section, we present the similar researches in heavy-ion collisions. All the measured p T spectra are taken into account of identified charged particles stemming from the pP b collision at 5.02 TeV [34] [35] [36] and the P bP b collision at 2.76 TeV [37] [38] [39] [40] from the ALICE Collaboration. The measured p T regions for various kinds of hadron spectra are tabulated in Table V . All centrality bins of data are analyzed for different kinds of charged (anti-)particles:
± and Ω ± . From Fig.5 to Fig.10 the transverse momentum spectra of these particles are shown to exhibit a power-law spectral shape at the given p T range. Specifically, the usual BG statistics only works well in the small p T range, 0 < p T < 3 GeV/c. While all the non-extensive approaches can obtain quite good fitting results over the whole p T range seen in Table V . Without loss of generality, we list the fitting spectra of the most central collisions (0 ∼ 5%) and most peripheral ones (60 ∼ 80%) in both pP b and P bP b collisions. In Tables VI and VII we present 13). Ratio of data and fittings is also listed. All spectra are fitted in the range of pT given in Table  V. TABLE VI: Fitting parameters of all four fitting functions on pT spectra of 0 ∼ 5% and 60 ∼ 80% in pP b collisions at 5.02 TeV (for the BG case the non-extensive parameter 1/n4 vanishes so that we set n4 = 10 10 )
hadron centrality since it should be infinity as a matter of fact. We could see that the first two non-extensive distributions indeed share the same values of the normalization constant, A 1 = A 2 , and the non-extensive parameter, n 1 = n 2 + 1, as discussed in pp case. Note that the results turn to be no big differences for the fittings on data of Ω in pP b collisions and Ξ and Ω in P bP b collisions in the centrality bins of 0 ∼ 5%. This is probably due to the fact that in this case there are larger multiplicities in the system and it seems to be better described by an exponential function. The corresponding χ 2 /ndf values are plotted in Fig.11 and Fig.12 and listed in Tables VIII and IX. For all hadron species, we could see that these non-extensive functions, f T s , f Be and f Ka , of Eq.(13) do fit the p T spectra better than the classical BG distribution. Lower values of χ 2 /ndf are obtained with the more peripheral collisions and heavier hadrons. This is probably because of the fact that lower multiplicities and larger masses of particles make it . Ratio of data and fittings is also listed. All spectra are fitted in the range of pT given in Table V. TABLE VII: Fitting parameters of all four fitting functions on pT spectra of 0 ∼ 5% and 60 ∼ 80% in P bP b collisions at 2.76 TeV (for the BG case the non-extensive parameter 1/n4 vanishes so that we set n4 = 10 10 )
hadron centrality Table  V. pQCD evolution. For the p T spectra of Λ, Ξ and Ω in this work, we focus on the small p T regions because of the limitation of data source. Even the usual BG statistics, consequently, works well. Different from the results in pp collisions, the Kaniadakis κ-distribution seems to have the minimal values of χ 2 /ndf in heavy-ion collisions typically when the heavier particles are studied such as Λ, Ξ and Ω.
As shown in Fig.13 and Fig.14 , we also analyzed the dependence of the fitting temperature T on the non-extensive parameter 1/n for all centralities of each particle in heavy-ion collisions. All fitting results obtained by the three non-extensive fitting functions are extended to hold the linear combination of these two parameters with all the centrality bins. Note that the results obtained by the usual BG distributions are also listed for comparisons but all its non-extensive parameters are vanished, namely 1/n BG = 0. This is why all the relations between the temperature T and the non-extensive parameter 1/n nearly share the same limiting values for 1/n → 0 for the same hadron spectra with different centralities. On the other hand, it means that all these three non-extensive approaches indeed share some common properties, which will in turn helps understand them better and deeper. Please note that a bad linear connection occurs to the case of Ω in Fig.14 probably because in these cases the number of degree of freedom (NDF) is quite small, as shown in Tables VIII and IX. IV. SUMMARY
In this study we firstly propose to apply the Kaniadakis non-extensive statistics on the transverse momentum spectra of both positive and negative particles in high energy collisions with respect to particle-hole symmetry in quantum Table  V. statistics. The p T spectra of identified charged hadrons in both pp collisions and heavy-ion collisions at various beam energies are studied by this generalized κ-distribution as well as the previous Tsallis q-exponential distribution and its generalized Beck one. Compared with the classical Boltzmann -Gibbs distribution, it is really presented that all of these non-extensive approaches are better applied in the researches on hadron spectra in high energy physics.
In particular, the κ-exponential function gives out the best χ 2 /ndf for the p T spectra fittings of heavier particles, Λ, Ξ and Ω. On the other hand, it needs more attention to account for the particle-hole symmetry when studying the systems in heavy-ion collisions. Since the Tsallis q-exponential, cf. Eq.(2) fails in this case, the Kaniadakis κ-exponential statistics also leads to the best fit goodness for all kinds of hadron spectra in heavy-ion collisions where the quantum systems are analyzed within both positive and negative particles. Finally we demonstrate the corresponding fitting temperature T performs an almost linear connection with the non-extensive parameter 1/n (1/n = q − 1 for the Tsallis and Beck distributions and 1/n = κ for the Kaniadakis one). Note that the linear connections are obtained from different mechanisms: in pp collisions, we analyze the data points for all kinds of hadron species but in the same beam energy; while in pP b and P bP b collisions, parameters are collected from the fitting results of same hadron spectra but different centralities. To some extent this means these non-extensive approaches have the common properties which will conversely promote the further researches on the non-extensivity of not only the Tsallis statistics but also the Kaniadakis one.
We think that a complete understanding of the physics of non-extensive parameters in these collisions should be solved in general context. In this paper we have tried to illuminate it from the dependences of the fitting parameter T on the non-extensive parameter q or κ. These three different non-extensive approaches seem to share the same combinations of the fitting temperature T and the non-extensive parameter q(κ), which reminds us to re-think of (13) . Ratio of data and fittings is also listed. All spectra are fitted in the range of pT given in Table  V. the physics behind it. It is then necessary to find out the deeper connections between them and explain what is the physical temperature of the system considered. Our model, on the other hand, successfully provides another method to investigate on problems met in high energy collisions, even for the case without negative particles considered. To figure out physical information carried, next we will put emphasis on these fitting parameters. More complex systems need to be studied within this κ-exponential distribution as well as its theoretical researches. 
